Various links connecting well-known hydrodynamic chains and corresponding 2+1 nonlinear equations are described.
Introduction
Theory of integrable hydrodynamic chains started with famous paper [1] (see also, [2] , [6] , [7] , [8] , [9] , [10] , [12] , [20] ). Recent investigations are obtained in [3] and in [15] (see also, [5] , [4] ).
This paper is devoted to a description of various links associated with the integrable hydrodynamic chain
which is a particular case of extended Kupershmidt hydrodynamic chains (see [11] , [16] )
This hydrodynamic chain can be written in the Hamiltonian form 
. Thus, the above hydrodynamic chain possesses an infinite series of commuting flows. For instance, two first negative flows are
2 Dispersionless Veselov-Novikov equations
The first negative commuting flow (2) is invariant (see [16] ) under a transformation of independent variables t 0 ↔ t −1 and the substitutioñ
All other commuting flows are invariant under a transformation of independent variables t k−1 ↔ t −k . For instance, the second commuting flow (3) transforms into (1), while (1) transforms into (3) .
Let us combine these commuting flows, i.e. we have new integrable hydrodynamic chain
(see (1) and (3)).
Introducing new field variables
two conservation laws (see (2))
can be written in Egorov's form (see [19] , [15] )
These conservation laws together with the conservation law (see (4))
determine a dispersionless limit of the remarkable symmetric Veselov-Novikov equation
where
Another 2+1 quasilinear system of the first order can be derived from the Kupershmidt hydrodynamic chain (1) and its first higher commuting flow
First two conservation laws of the Kupershmidt hydrodynamic chain (1)
and first conservation law of its above higher commuting flow
can be written together as a dispersionless limit of non-symmetric Veselov-Novikov equation
Remark: The symmetric dispersionless Veselov-Novikov equation (5) can be obtained from the compatibility condition
, where the generating function of conservation law densities p satisfies
while the non-symmetric dispersionless Veselov-Novikov equation (6) can be obtained from the compatibility condition ∂ t 1 (∂ t 2 p) = ∂ t 2 (∂ t 1 p), where the generating function of conservation law densities p satisfies
Corresponding Gibbons equations (see [6] , [17] ) associated with the above hydrodynamic chains are
where v = Ω t 0 t 0 , s = Ω t 0 t 1 , and (6) can be written as 2+1 quasilinear system of the first order
Remark: Since the function Ω is unique for both Veselov-Novikov equations, both of them possess the same set of hydrodynamic reductions determined by the Gibbons-Tsarev system (see [8] , [16] ).
Modified VN equation
The generating function of conservation laws and commuting flows (see [16] ) is given by
where p(λ) can be found due to the Bürmann-Lagrange series (see, for instance, [13] ) from the Riemann mappings
In this section we consider another expansion
where λ is another local parameter. In such a case, (7) leads to an infinite series of generating functions
Introducing a new generating function of conservation law densities
and eliminating t 0 , both above generating functions can be written in the form
which is a first coefficient from (7) (see (9) and [15] )
Substituting the Taylor expansion (8) into the above generating functions, one can obtain new 2+1 nonlinear equations
(the last formula is a consequence of (7), if p → ∞). Remark: The second above equation was found in [15] . This is a nontrivial generalization of a continuum limit of discrete KP hierarchy (see, for instance, [14] ). Thus, we described links between different well-known 2+1 integrable equations in this paper.
Theorem: The hydrodynamic chain
satisfies the Gibbons equation
where the equation of the Riemann surface is given by
Proof: The substitution (11) and (13) in (12) leads to an identity.
Theorem: The above hydrodynamic chain (11) is Hamiltonian
where the Hamiltonian density h = ln A 0 . Proof: Integrable hydrodynamic chains associated with more general Hamiltonian structure were considered in [18] .
Remark: Simplest hydrodynamic reductions
are given by the moment decomposition
Theorem: 2+1 nonlinear equation
can be determined from the compatibility condition
, where the generating functions of conservation laws are given by
Remark: Substituting the transformation
into the above generating functions and eliminating τ 0 , one can obtain the generating function of conservation laws
generalizing (ǫ = 0) the generating function of conservation laws for the Benney hydrodynamic chain
where W = Ω τ 0 τ 2 . Such a transformation for ǫ = 0 was found first by Yuji Kodama (see, for instance, [14] ). Let us introduce new notations U = −C −1 , V = −C 0 and q = p − U. Theorem: The integrable hydrodynamic chain 
where the Riemann mapping is determined by
Proof: Indeed, a substitution the above series and the hydrodynamic chain (14) into the Gibbons equation (15) leads to an identity.
This Riemann mapping (16) is the same as for a continuum limit of two-dimensional Toda lattice. This hydrodynamic chain (14) is a member of an integrable hierarchy generalizing (ǫ = 0) an integrable hierarchy containing a continuum limit of two-dimensional Toda lattice.
